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1. There is considerable discussion at the present  t ime in regard  to the solutions of a quasil inear p a r a -  
bolic equation of the form 

= •  o_1 1 m 
7i" ox \ t o x  D--Z/--~iu ~-Lu,  k, 7 > O , m ~ O ,  k n > t ,  (1.1) 

which is used to descr ibe various nonlinear t ranspor t  p rocesses .  The dependence of the t ranspor t  and absorp-  
tion coefficients on the t ranspor ted  quantity u and its gradient 3u/Ox is approximated here by a power function. 
In par t icular ,  for  n = l  and k r  Eq. (1.1) coincides with the nonlinear heat-conduction equation discussed in [1]; 
for  k = 1 and n ~1 it is the momentum t ranspor t  equation for  a nonlinearly viscous non-Newtonian fluid [2]; the 
case k =2, m =0 corresponds  to the motion of the indicated e lect r ical ly  conducting fluid in a laminar  boundary 
layer  in a t r ansve r se  magnetic field [3]. In the general  case of a rb i t r a ry  n, k, and m Eq. {1.1) is known as the 
turbulent fi l tration equation [1, 4] with a nonlinear sink. 

An important feature of the t ranspor t  p rocesses  described by Eq. (1.1) is the possible existence of a 
frontal surface S(x, t) =0 separating the region with u(x, t) =0 and the region of spatial localization of the t r a n s -  
ported quantity, where u{x, t) > 0 (see, e.g.,  [1-4]). The form of the function S =S{x, t) in the case of the Cauchy 
problem for Eq. (1.1) has been investigated in [5], where,  following [6, 7], the authors demonstrate  the poss i -  
bility of metastable states of the solution. In such a state,  during a finite t ime interval t E [0, T] the function 
S(x, t) depends only on the coordinate x, S(x, t) = S(x). 

lVietastable states are  possible,  in par t icular ,  in the t ransi t ion f rom one s teady-s ta te  solution to another 
s teady-sta te  solution, in this connection we demonstrate  the possible existence of metastable  states in a bound- 
ary-value  problem for Eq. {1.1) and give bounds on the duration of a metastable state,  which are  confirmed by 
direct  numerical  calculations.  

We consider Eq. (1.1) on the set 

G = R_XR+ = {(x, t) : x ~  R_, t ~ R+}, (1.2) 

where R + = { t : t ~ > 0 } ,  R _ =  {x :x~<0} .  

We denote b y  ~t = {(x, t) ~ G; u(x, t) > 0} the region of localization of the t ranspor ted  quantity, G \ ~  = 
{(x, t) ~ 6: u(x, t) = 0}. We specify that the boundary condition is monotonic and bounded: 

u(0, t) = $(t), q~(t~)~> r if t~ > t~, U0 = max r < cr (1.3) 

We assume that the initial condition is finite and specify it in the "natural" fo rm 

x ~ ' m  ~ 
u (x, 0) ~ u 0 (z) = A t -- ~ )  , x 0 < x ~. u, kn > m, (1.4) 

(0, - -  cr < x <~ xo, 

where 
(kn  m n+l  [ x .~n+l 1/(hn--m) 

n (k + ,n) (kn + k) '~ J 

and the function u(x, 0) satisfies the differential equation Lu 0 =0. We assume that in the region ~2 the derivative 
0uk/0x~0; under this condition Eq. (1.1) is wri t ten in the form 

0~ ~ { 0.k ~, (1.5) 
at g~ ~--~z ] + 7 u'~ = 0. 
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We show tha t  the  so lu t ion  of p r o b l e m  (1.3)-(1.5) is m e t a s t a b l y  loca l i zed  and the  m e t a s t a b l e  l oca l i za t i on  
t i m e  T s a t i s f i e s  the  inequal i ty  

V1~n-m 
0 (k§ e c n n m ~  [t, kn[, A i ( k  , n, to, x0)=: coll~t. 

T ~ ~ 7 (k § t) (kn - -  m) ~§  

We f i r s t  p r o v e  that  the  so lu t ion  of p r o b l e m  (1.3)-(1.5) is m e t a s t a b l y  loca l i zed  if mE [] ,  kn]. We i n v e s t i -  
ga te  the  a u x i l i a r y  p r o b l e m  for  an equa t ion  of the  f o r m  

oo~ a ( ocoh ) ~, 
~7 --  7x \'-'~7-x ] = 0 (1.6) 

wi th  the  ini t ia l  condi t ion 

and the  bounda ry  condi t ion 

to(x, 0) = AI(I - -  x!xo)('~t)l(h=-~) , x ~ Ix0, 01 (1.7) 

(1 .s) to(0, t) = A~(t - -  t l t o ) - l l ( ~ - l ) ,  

1 

t[ k ,~ - l  p ( -  x0) } to 0 ~  kn ~ k I - - - -  A1 ~L , - J  n ( k + ~ 0 1  , (xo, t ) = O ,  - X Z  (xo, t ) O. 

The solut ion  of the a u x i l i a r y  p r o b l e m  (1.6)-(1.8) has  the f o r m  [6] 

/ [  ( - -  X l ~ - } - l f l -  t ~--11k,~--~ 
to (x, t ) - -  A~ 1 ~-0] \ -~0] ] ' (1.9) 

0, 

w h e r e  t E[0, t0], x E ix 0, 0]. It is s een  tha t  the so lu t ion  (1.9) is m e t a s t a b l y  l oca l i zed  f o r  t E [0, to[. Because  of 
the monoton ic  b e h a v i o r  of the  so lu t ion  u(x, t) of p r o b l e m  (1.3)-(1.5) a s  a funct ion of the ini t ia l  and boundary  
condit ion and the  fac t  tha t  ~/> 0 the  funct ion (1.9) m a j o r i z e s  the  so lu t ion  of th i s  p r o b l e m  with the  a p p r o p r i a t e  
spec i f i ca t i on  of the  p a r a m e t e r  to, i n f e r r e d  f r o m  a c o m p a r i s o n  of U 0 = A and A 1. Consequen t ly ,  the  so lu t ion  of 
p r o b l e m  (1.3)-(1.5) is  m e t a s t a b l y  l oca l i zed  if m E[1, kn[. 

F r o m  a c o m p a r i s o n  of the  boundary  condi t ions  (1.3) and (1.8) we  can  deduce  a l o w e r  bound on the m e \ a -  
s t ab le  l o c a l i z a t i o n  t i m e  in p r o b l e m  (1.3)-(1.5) t E[0, T],  T-~t0: 

i vkn--rn . 
= [  o ~ (k + m) (k,~ -- l) ~ 

T ~ t o  k ~ j - ~ ( k n _ m ) ~ + ~ ( k + l  i. (1.10) 

It can  be shown with  the aid of the  c o m p a r i s o n  t h e o r e m  [8] tha t  the b o u n d a r y o f  the r e g t o n o f  l oca l i za t i on  
in p r o b l e m  (1.3)-(1.5) is n e c e s s a r i l y  se t  in mo t ion ,  S(x, t ) r  S(x), f o r  t > t 0, i .e . ,  the so lu t ion  of the  p r o b l e m  is 
indeed m e t a s t a b l e .  This  is m o s t  s i m p l y  a c c o m p l i s h e d  in the ca se  ~/=0. Accord ing ly ,  we  c o n s i d e r  the  boundary  
p r o b l e m  fo r  Eq.  (1.6) f o r  the funct ion r i =wl (x, t} with the  boundary  and ini t ia l  condi t ions  

tol(x, 0) = 0, to~(0, t) ---- U~ = c o n s t  ~ 0 ,  U1 ~ m i n  (p (t). (1.11) 

The b o u n d a r y - v a l u e  p r o b l e m  (1.6) (1.11) f o r  T = 0  is  s e l f - s i m i l a r  [9]. If we  in t roduce  the  s e l f - s i m i l a r  v a r i a b l e  
~? =x /xf ( t ) ,  w h e r e  x f r  is the  bounda ry  of the  suppor t  of the  so lu t ion  and is  g iven  by the  equat ion  S(xf(t), t) =0,  
a long wi th  the  new dependent  v a r i a b l e  w l =Uif  1 07), we r e d u c e  p r o b l e m  (1.5), (1.11) to  

<~s, d r .  '~s ~,1 ~ 
[~l d,-T '-}- d--~ [s,gn x s - ~ - J  = 0, n ~ [0, ti, fx(0) ---- t ,  f~(l) = 0. (1.12) 

F r o m  the s e l f - s i m i l a r i t y  condi t ion we  h a v e  

X I = [(n ~- t) ~uhln- l t ]  1/(n+1). 

We eva lua te  the cons tan t  fl > 0 in p r o b l e m  (lo12) f r o m  the condi t ion of z e r o  net flow at the f ront  dfik(1)/dT? =0.  
The r e s u l t s  of a n m r m r i c a l  ca lcu la t ion  of the  p a r a m e t e r  fl =fl(k, n) in the  spec ia l  c a s e  n = 1, obta ined by the  
co l loca t ion  me thod  a f t e r  p r e l i m i n a r y  q u a s i l i n e a r i z a t i o n ,  a r e  shown in Fig .  1. 

By v i r tue  of the  c o m p a r i s o n  t h e o r e m  [8] we  have  the  inequal i t ies  u(x, t ) >  w I (x, t ) ,  Ui < m i n m  (t). C o n s e -  
quent ly ,  f r o m  the inequal i ty  xf(t i ) -  x0 we  deduce  an uppe r  bound f o r  the  m e t a s t a b l e  l oca l i za t i on  t i m e  of the so lu -  

t ion:  ~" ~< t, = ( - -  z0)~+V~(n + i) u~ ~ - '  

The e x i s t e n c e  of m e t a s t a b l e  s t a t e s  f o r  the  funct ion 0J2=W2(X, t) in the  c a s e  T * 0  can be d e m o n s t r a t e d  by 
so lv ing  n u m e r i c a l l y  the  b o u n d a r y - v a l u e  p r o b l e m  c o m p r i s i n g  Eq. (1.6), the  condi t ions  
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F- - =  - - -  , ~ T n  

I ~/ I i 

I / J  i 1 

2 J ~ k 
Fig. 1 

> 
- 2  - 7  ~" U 

Fig. 2 
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2 J ~ 2 
Fig. 3 

0)2(0, t) = r ~(t.,) ~ ~p(tl), if t~ > tl, ~(t) > r (1.13) 

and the initial condition (1.4). On the bas i s  of the compar i son  t heo rem,  with r e spec t  to the initial and boundary 
conditions the solution of p rob lem (1.3)-: (1.5) m a j o r i z e s  the solution of p rob lem (!.4), (1.5), (1.13), u(x, t)_~ r 2 (x, 
t).  If k>  1 + l / n ,  the numer ica l  solution of p rob lem (1.4), (1.5), (1.13) shows that for  t imes  t > T the f i r s t - o r d e r  
discontinuity front is set  in motion.  Consequently,  the solution of p rob lem (1.3)- (1.5) is me ta s t ab l e .  

2, To conf i rm the foregoing bounds we have ca r r i ed  out some numer ica l  calculat ions.  We used an i m -  
plicit  differencing scheme [10]. The posit ion of the front  was de te rmined  app rox ima te lywhe re  the solution 
acquired the o rde r  of magnitude of the computational e r r o r .  The t ime  step ~- and the space  step h were  made 
equal to 0.0364 and 0.04 re spec t ive ly .  As an example ,  Fig. 2 shows the evolution of the solution of p rob lem 
{1.3)-{1.5) for  n-~3, kL=2, T = I ,  m = 2 ,  x 0 = - 1 ,  r r =0.878, with the curves  numbered  as follows: 1) t =v; 
2) t =3~-; 3) t = T  =10~'; 4) t =20~-. It is evident f r o m  the graph that  the t i m e  of onset of motion of the sur face  can 
be de termined with e r r o r  O~h) f r o m  the var ia t ion  of the der iva t ive  0u/3x as  x -*xf r  As t ~ .o  the solution 
goes over  to a new steady s tate ,  cor responding  to the a l te red  boundary condition. 

It is c l ea r  that the durat ion T of the metas tab le  s tate  depends cons iderably  on the f o r m  of the function 
r given identical values of cp (0) and ~p (~). Accordingly, we have calculated the durat ion T of the metas tab le  

s tate  for  var ious  functions r = ~ r  The resu l t s  a r e  shown in Fig. 3 for  n = l ,  T - l ,  m=X,  x 0 = - l .  The curves  
a re  numbered  as follows: 

uo(O) t - t - ~  , t ~ r ,  

q~ (t) = (2uo (0), t ~ F; 

[ u o(O) exp -~  , t ~ F ,  

~(t) = (2,.o(O), t ~  r; 

~(t) = 2u0(0), t ~ F, 

where  1-={t :t > 0, r {t)< 2u0 (0)}. The dashed curve  in Fig. 2 co r responds  to the lower  bound of the  duration of 
the metas tab le  state according to re la t ion  (1.10). All the numer ica l  calculat ions exhibit good consis tency with 
the der ived bounds and co r robora t e  the quali tat ive analys is  of the p rob lem.  
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A general  descr ipt ion of the displacement of oil by a solution of an active mater ia l  not only in the basic 
case of a single active factor ,  but also in more  complicated situations is presented in [1-5]. Here a central  
part  is played by the scope for  construct ing a solution in a l a rge - sca l e  approximation, i.e., neglecting diffusion 
p rocesses  of various types {capi!larity, diffusion proper ,  and thermal  conductivity). These p rocesses  have 
marked effects on the solution only in zones where the variables a l ter  sharply,  which correspond to discon-  
t inuit ies in the l a rge - sca l e  approximation.  Here we examine the fine s t ructure  of the t rans i t ion  zones. The 
resul ts  may be of value in est imating the l imits  to the application of the l a rge - s ca l e  approximation and to the 
failure t imes  for  the l ayer  of active mater ia l ,  as well as in developing numerical  andapproximate  methods.  

1. Formulat ion:  External Solution. We consider  the one-dimensional frontal displacement of oil by a 
solution of an active mater ia l .  We wri te  the equations for the phase infiltration law (i =1 for water  and i =2 
for oil) and the conservat ion equations for  water ,  oil, and the active mater ia l  on the basis that the mass  con-  
centrat ions of the mater ia l  in thewate r  c and in the oil ~p a re  small ,  while the porosi ty  m,  permeabil i ty  k, 
and phase densit ies Pl and P2 are  constant:  

,~ = - - ( kh ( s ,  c ) /~ (c ) )apdax  (i = t ,  2)~ (1.1) 
p~ - -  p ,  = p = ~(c)](s), 

mOs/Ot q- Oul/Ox = O, -mOs /Ot  -k Ou2/Ox ~- O, 
a o o (  oc) 

m -gi [• § ~ (c) ( i  - -  s) -k a (e)] -k -Ux [• + (p (c) u~} = ~ D ~ . 

Here s is the water  content; mp2a , mass  of sorbed mater ia l  in unit volume of the porous medium; fi, #i, 
Pi, phase permeabi l i ty ,  viscosi ty,  and p re s su re  for  phase i; D, diffusion coefficient for the active mater ia l ;  
p, capi l lary p re s su re ,  whose dependence on the surface tension incorporates  the coefficient y(c); J, a Leveret t  
function; x, coordinate; t ,  t ime;  and ~t =Pl /P2 .  

We Introduce the dimensionless var iab le  

x'  = x /L ,  t' = uot/L , u~ = uJuo ,  p', =: p i / A p ,  u o == kAp/9;  (0) L ,  

~ ---- Ui/Pl (0), D'  = DIDo, ~" (c) --- ~t (c)/'~ (0), e -~ V (0)lAp, ,~ = Do/uoL, 

where L, Ap, Do are the charac te r i s t i c  values of the size of the flow region, the external p ressu re  difference,  
and the diffusion coefficient.  
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